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The singular perturbation method is applied to systems of linear evolution 
equations in Banach spaces with one of the time derivatives multiplied by a 
small parameter. An asymptotic solution of any given order is shown to consist 
of inner and outer terms obtained by a proper choice of initial conditions, and 
to converge uniformly to the exact solution. 
INTRODUCTION 
Many physical situations are described with singularly perturbed differential 
or integrodifferential equations in which the highest derivative is multiplied by 
a small parameter. A convenient way of obtaining approximate solutions to such 
equations is the singular perturbation method also named the asymptotic 
expansion method. 
The method has been vigorously developed in the recent years. A review of 
its applications in various fields of mathematical physics can be found in the 
book by Cole [I]. A rigorous analysis of the method is presented in a review 
paper of O’NIalley [2] and in a book of Vasil’eva and Butuzov [3]. 
An important class of singularly perturbed equations are evolution equations 
in Banach spaces of the form 
dx(t) 
E __ = T(t) s(t) + p(t) 
dt 
where T(t) is a time-dependent operator and p(t) is a given function. The initial 
value of x(t) is a prescribed element of a Banach space. 
The singular perturbation method for a nonlinear evolution equation with a 
time-dependent operator was first studied by Trenogin [4]. A linear evolution 
equation with a time-dependent operator was analyzed by Krein [5] who has 
proved the existence and uniform convergence of the zero order asymptotic 
solution. His asymptotic solution consists of, so called, inner, outer, and inter- 
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mediate terms and is obtained by a special matching procedure for intermediate 
times. 
The author [6] extended the results of Krein up to any given order and found 
the asymptotic solution consisting only of inner and outer terms obtained by a 
proper choice of initial conditions. From the numerical point of view the latter 
procedure seems much more advantageous than the previous one. 
The nonlinear evolution equation with a time-dependent operator was also 
considered by Hoppensteadt [7] h w o obtained the asymptotic solution of an 
arbitrary order by the matching procedure. 
In many cases a perturbed evolution equation is coupled with another one 
whose time derivative is not multiplied by a small parameter and the two 
equations form the system 
E F 1 A(t) x(t) + P(t) y(t) + q(t); 
y = Q(t) x(t) + l?(t) 3’(t) + r(t). 
Such systems of evolution equations in Banach spaces were considered by the 
author [8,9] who has shown the existence and uniform convergence of the zero 
order asymptotic solution obtained by the matching procedure. 
In this paper the singular perturbation method for the above system of equa- 
tions will be studied. The asymptotic solution of any given order will be obtained 
by a proper choice of initial conditions and will consist only of inner and outer 
terms. For simplicity a system of two equations is considered. The extension of 
the analysis to more than two equations is straightforward. 
The analysis is based upon the theory of evolution equations in Banach spaces 
presented in Refs. [5, 10, Ii]. The main results utilized in this paper may be also 
found in Refs. [6, 8, 91. 
The author is indebted to Professor J. Kisynski and Dr. M. Borysiewicz for 
reading the manuscript and drawing his attention to some omissions and errors. 
SINGULARLY PERTURBED SYSTEMS OF EVOLUTION EQUATIONS 
Let 9 be a complex Banach space with the norm /I . 11 and g be the Banacl 
space of bounded operators in % with the norm defined by the same symbol 
ASSUMPTION 1. The operator A, with domain ga is an infinitesima 
generator of a strongly continuous semigroup. The operator functions A,(t) 
B(t), P(t), and Q(t) with values from B are N + 1 times continuously differen 
tiable on [0, t,] where t, > 0, in the sense of norm in a. The quasi-semigroup 
generated by the function A(t) defined for .Z E ~2~ with the equation 
A(t)z = A,z + A&)z 
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and by the function B(t) are, respectively, UA(t, S) satisfying on the triangle 
Q = {(t, s): 0 < s < t < t”:. 
the inequality 
and U,(t, S) satisfying on A? the inequality 
The constant fA is negative. 
The function (l/~)A(t) generates the quasi-semigroup L:z)(t, S) satisfying on s;! 
the inequality 
11 Ul;‘(t, s)il < exp(y,(t - s)‘E). 
The functions p(t) and r(t) with values from 2” are N + 1 times strongly 
continuously differentiable on [0, to]. 
The functions p(r) and ~(6) with values from gA and J, respectively, are 
defined for E > 0 and such that for each E > 0 
with p*n E gA and T.,, E 3 independently of E. 
LEMMA 2. --l singular[y perturbed system of evolution equations 
dx(t) 
E - = A(t) x(t) + P(f) y(t) + q(t); dt 
y = Q(t) x(t) + B(t)?,(t) + r(t); 
with the initial conditions 
x(O) = &); Y(O) = 7(4 
and all the functions satisfving Assumption 1, has for any E > 0 a unique strongly 
dz&entiable solution {x(t), y(t)}. 
The above system is equivalent to a Volterra equation 
x(t)= m(t) + s,t ds w(t, s) Q(s) 4s. 
409/58/1-13 
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Here W(t, s) is a function defined on the triangle Q with the values from a’, 
continuous on D in the sense of norm in 8, and given for any z E 3 by the 
formula 
qt, s) z = f J-I ds’U$‘(t, s’) P(s’) UB(S’, s) .z. 
0 
The function m(t) with values from X is defined and strongly continuously 
differentiable on [0, to], and given as 
m(t) = eyt, 0) CL(E) + f ft d&‘(t, s) 4(s) + Jqt, 0) r](E) + .tt hW(t, s) y(s). 
0 
The solution to the Volterra equation may be obtained by the method of 
successive approximations 
% 
x(t) = c x(k)(t); 
k=O 
x(0’(t) = m(t); x(k)(t) = jot dsW(t, s) Q(s) dk-lys); k 2 1.
The function u(t) is then expressed with x(t) in the form 
LEMMA 3. The system of outer asymptotic equations de$ned as 
with 
d%(t) 
44 W) + W>Jn(t) + %2(t) = 0; 
- = Q(t) a(t) + B(t) y,(t) + y,(t); dt n = 0, l,..., IV; 
%2(t) = 4(t); n=O 
d-%-l(t) = -7; n = 1, 2,..., N; 
m(t) = y(t); n=O 
= 0; 71 = 1, 2,..., N; 
and all the functions satisfying Assumption 1, has a unique strongly daj%tmatiable 
solution 
{JT,(t),..., %,(t>; ro(%**, Mt)l 
for any initial conditions such that 
m(0) = 7% E 3; n = 0, I,..., N. 
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Proof. From the fact that rA < 0 it follows that for each t E [0, t,] the 
operator .4(t) has a uniformly bounded inverse ,-2-‘(t) defined on the whole 2”. 
The function k’(t) is N + 1 times strongly continuously differentiable on 
[0, to] (see Chapter II, Section 1 of [5]). Solving the first equation for &F*(t) and 
putting it into the second one gives a system of evolution equations 
d&(t) ~~ 
~ = B(t)J,(t) t- Y&) - -+yq qJf) dt 
with the operator B(t) defined as 
B(t) = B(t) - Q(t) A-‘(t) P(f). 
Since B(t) is a bounded operator function, strongly continuously differentiable 
on [0, t,,], it generates a strongly continuous quasi-semigroup UB(t, s) defined on 
the triangle Q and satisfying there the inequality 
The differentiability of Xn(t) needed for calculating the function q*(t) follows 
from the differentiability of the functions involved in the expressions for .?Jt). 
QED. 
Remark 4. The parameter ys of the quasi-semigroup Us(t, s) does not 
necessarily have to be negative but if it is positive then the singular perturbation 
method becomes numerically much less attractive. 
LEMMA 5. Let the operator functions A(t), B(t), P(t), and Q(t) satisfj -lssump- 
tion I. Irztroduce the notation 
dV(t) 
dtk 
= ~.-l/d. , k = 0, I,..., :Y; 
t=o 
where L-(t) stands for an. of the functions B(t), P(t), and Q(t). In the case of -4(t) 
one has 
A(t)z It=,, :2 A(O), 
f or my 2 E Y, and 
d”&(t) 
dt” 
= -JIk). , k == 1 )... ~ s. 
t=0 
The system of inner asymptotic equations 
E 4%(t) =_ y ( _ ; _ 1)1 (f!“-“-‘(p7~-l)&,(t) + B’“-“-“4;k(t)); 
dt I;=0 n 
n =o, 1 ,..., 3-; 
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has a unique strongly d~#erentiable solution 
{~&),..v f,(t); Ji3(t),..., j,(t)> 
for any initial conditions put on S,,(t) and such that 
Z%(O) = jz, E 9A ; n = 0, l,..., N; 
and with the requirement that 
$-nz A$) = 0; n = 0, 1 ,..., N. * 
The functions 5&(t) and 3-(t) satisfy the inequalities 
11 yn(t)ll < exp (~j 2(F1) Nj(n) 14)‘; 
i=O 
n = 0, l,.**, N; 
where Mj”’ and Nj”’ are some positive cwstants and the second inequality for n = (I 
gives I/ j,,,(t)11 = 0. A negative parameter y. is defined by the semigroup G,(t) 
generated by /f(O) and satisfying for t E [0, to] the inequality 
II Go@)11 G evboW 
Proof. For n = 0 the inner asymptotic equations have the form 
dzo(t) E - = A’OEo(t) + P’“‘jjo(t); 
dt 
4,(t) = o 
dt - 
The solution to the second of the above equations is simply 
70(t) = Yo’o(O) = fo; 
but the requirement put on Jo(t) gives immediately 
Jo(t) = %jo = 0. 
Thus the first equation has for any F. E CBA a strongly differentiable solution 
no(t) = Go(G) Po 
which satisfies the inequality 
II S@)lI < exphA4 II PO II. 
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The parameter y0 is negative since by Assumption 1 rA is negative. The above 
results show that the conjectures of the lemma are true for 1z = 0. 
Now take a fixed n such that 1 < tt f N and assume that all the inner asymp- 
totic equations up to n - 1 have strongly differentiable solutions satisfying 
the required inequalities. The equation for yn(t) can be solved explicitly giving 
for any 3;%(O) the result 
Thus one has to put 
(Q(n--k-l)ik(es) + lWk-l)Jk(cs)) 
and 
To see if the above integrals exist take the norm of both sides of the last 
equation. This gives 
which also shows that j%(t) actually satisfies the postulated inequality. 
The nonhomogeneous term in the equation for &(t) is strongly continuously 
differentiable such that for any 12, E ~23~ there exists a unique strongly differen- 
tiable solution Z%(t) given in terms of the semigroup G,(t) as 
W) = Go (4) jL + lot” ds G,, (+ - s) 
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Taking the norm on both sides of this equation one gets 
From the above reasoning valid for any 12 such that 1 < n < N and from the 
fact that it is true for n = 0, the proof of the lemma follows by induction. Q.E.D. 
DEFINITION 6. The asymptotic solution of order N is defined as {I, 
ycN)(t)} where 
x(N)(t) = nto E%,(t); 
and 
X&) = x,(t) + &(t); 
Y&J = m(t) + J&h n = 0, 1 ,..., N. 
The initial conditions for the outer and inner asymptotic equations are chosen 
as follows 
xa,(O) = rj,; 
m(0) = %a - %a; 
%(O) = /-bz - %(O); n = 0, I,..., N; 
where ijm was defined in the proof of Lemma 5, p-Ln and ~7% were given in Assump- 
tion 1, and gm(0) is calculated from the first of the outer asymptotic equation 
after solving the second one. 
THEOREM 7. The asymptotic solution of order N {x(“)(t), y(“)(t)} tends in the 
norm to the exact solution {x(t), y(t)} of th e singularly perturbed system of equations 
from Lemma 2 uniformly on [0, to] faster than cN. In other words, for each 6 > O* 
there exists E > 0 such that for all t E [0, to] 
E-N 11 x(t) - x’N’(t)lj < 6; 
E-N /I y(t) - y’N’(t)jl < 8. 
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Proof. Introduce the functions 
z!N(t) = c-q@) - x(N)(t)); WN(t) = c”(y(t) - y”‘(t)); 
which are seen to satisfy the singularly perturbed system of evolution equations 
&v(f) E ~ = if(t) PN(f) + P(t) whr(t) + gx(t); 
dt 
J@g = Q(f) T&t) + B(t) z+(t) A- &(t); 
with the initial conditions 
Q(O) = 0; WN(0) == 0. 
The inhomogeneous terms gN(t) and hN(f) are given as 
gN(t) =: 2 dW) PN(f&Ln(t) 2,(t) t PN-,$) Y&)) - E -; 
,t=O dt 
N-l 
kNW = ow a,(t) + W3?NW + c Ey&h’--n--l(t) igt) + Bhr-,-l(t) j,(t)); 
,I=0 
where 
&(t) := ,4,(t) - 
The above functions defined on [0, to] and with the values from L.43 are obviously 
N + 1 times continuously differentiable in the sense of norm in 8. For such 
functions Taylor expansions can be introduced leading to the following in- 
equalities 
11 A,(t)11 < Ky)t”+‘; (n) 71fl. 11 ~,z(t)ll < KP t , 
‘I Qn(t)ll < K$)Pf’; 11 B,(t)11 :s K$%““; 
where K.(4)1), K!?, KF’, Kr’ are some positive constants. 
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By Lemma 2 the system of equations for +(t) and w,(t) has a unique strongly 
differentiable solution since the functions gN(t) and hN(t) are seen to be strongly 
continuously differentiable on [0, t,] on account of Assumption 1 and Lemmas 3 
and 5. By Lemma 2 the function +(t) satisfies the Volterra equation 
with 
The function dFN(t)/dt is bounded on [0, t,,] such that 
where CN is a positive constant. Using the above inequality as well as those for 
the functions &(t), p,(t), &(t), and B,(t) and for the functions Zn(t) and Jn(t) 
formulated in Lemma 5, one gets 
which on account of 
I/ U$‘(t, s)ll < exp ( 7’(tC- ‘) ) 
gives 
- t jl jot ds Ut’(t, S) k?Nb) (1
x 5 @;N-n) f pi (t)N-n+5+1 + &N--n) ‘(F1) #?a) ($)N--n+i+l) 
n-o 5-O j-0 
< E & (1 - exp (F)) 
+ 6 exp (F) !. KiNmn) F. &Ii(n) N _ 12 l+ i + 2 ($)N-n+5+z 
+ &N--n) ‘(5’) jybz, 
; 
5=0 
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where the fact that yt, < rA was used. Now for any natural k the function 
(:)” exp (+) 
is uniformly bounded for t E [0, co) and E E [0, co) and the last inequality gives 
valid uniformly for t E [0, t,] and P E [0, 00). Here c1 is a constant independent 
of t and C. 
In a similar wav 
+ y (,,-n-1) F J/p yJN-,+j 
,I=0 j=O 
+ &N-“-l’ 2’~ol’ jyi(n) (f)“““)); 
Since 
II u& s)ll < exp(j%@ - 4) < exp &to) 
and for any natural k 
where the constant il?rk is independent of l , one gets 
where the constant c2 is independent oft and E. 
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Finally, denoting C = C, + C, , one obtains the inequality 
valid uniformly on [0, t,,]. 
The solution to the Volterra equation can be obtained by the method of 
successive approximations as in Lemma 2. Thus 
v;)(t) = m,(t); 
and 
vj,?(t) = It ds W”‘(t, s) Q(s) &l)(s); kg3 1; 
0 
vlv(t) = f r&t). 
I;=0 
The kernel kW(t, S) Q(S) satisfies on D the inequality 
(1 FW(t, s) Q(s)11 < f jot ds’ exp (7A(‘EW “)) /( P(s’)\l 
=PW’ - 4) II SW d H 
with the constant H independent of c, t, and s. From this it follows that 
(I vt’(t)ll < ce(H’ $ 
and 
where C, is a constant independent of t and E. This shows that v,(t) tends to 
zero in the norm with E --f 0 uniformly on [0, to]. 
The function w,(t) is expressed with q,,(t) by the formula 
w&j = Jot ds Ue(t, 4 Us) + Jot ds u&> 4 Q(s) vh). 
The first integral was already estimated and the second one is easily seen to 
satisfy the inequality 
/I it ds Udt, 4 Q(s) vds) lj d & 
with a independent of t and E. Thus 
II wi&)ll < 4 
where C, = CZ + I?. 
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Putting 
C = min(C, , C,) 
one has 
II ~+(t)ll < EC iI w,(t)!l 1.. EC 
uniformly on [0, t,]. This proves the lemma. Q.E.D. 
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